\(/P\

CKOY BecTtHuk CeBepo-KaBkasckoro defepanbHoro yHnsepcuteTa. 2022. N2 1 (88)

13.00.02 Teopusi u memoouka 00yueHus U BOCRUMAHUsL (MO 0OIACMAM U YPOBHAM 00PA306AHLL)
V1K 372.851 DOI 10.37493/2307-907X.2022.1.16

I'agzkmes xkaBanmup xedpansioBuy

METOA0/10IrUd NNPEIIOJABAHUA UHTETPUPOBAHUA
PAIIMOHAJIBHBIX ®YHKIIMH C HCI10/Ib30BAHUEM
YACTHYHBIX JPOBEHX C IOMOIIILI0 METO/I0B
AEKOMITIO3UIINU U UHTETPUPOBAHUE
TPUTOHOMETPUYECKHUX ®YHKIUA

IIpobnemvi, npedcmasnennvie 6 cmamve, AGIAOMCA NPUKIAOHBIMU 3A0AUAMU 8 PASHBIX 0ONACMAX
MamemamuKy U 8 UHHCEHEPHBIX HAYKaX. Bce pewiennvie 3a0auu npedcmasiensl 6 ux NOAHOU 6epcul U Hul-
Koeda panee onyonuxoeanwvl ne ovlau. Cnedyem ommemums, 4mo 3a0auu 6 maKux 001aCmsax Mamemamuru,
KAK Mamemamuka (yHKYull KOHeUHbIX NepeMeHHbIX, Ouhepenyuanvhoe ucuucienue u MamemamuiecKutl
ananuz, ObLIU pa3padboOmansvl HEeNOCPEOCMBEHHO ABMOPOM 8 200bl NPENOOABAHUS 8 PASIUUHBIX KOLE0NHCAX
CLIIA 6 pamkax pazeusarouuxcs HOBbIX MEeHOCHYUL 8 380MIOYUU YUEOHBIX NIAHO8 NO MAMEMAMUKe 6 CEA3U
CO CIpeMUmensHbulM pa3gumuem MAamemMamuyeckux meoputl U ux npurodHceHutl. Imu 03HUKuiUe meHoeH-
yuu 6 meopuu u NPUMeHeHUU MemoO0I02UY MATNEMAMUYECKUX HAYK NPedbAsUU HO8ble Mpebosanus K Ha-
NUCAHUIO U U3OAHUIO COBPEMEHHBIX YYEOHUKOS, YO COOMBEMCMBEHHO HAUWLO OMPAadCeHue 8 paspadomke
COBPEMEHHBIX YUEOHBIX NIAAHO08 OJIsi KYPCO8 MAMeMAMUKU, NPenoodaemvlx 8 KOLLeONCax U YHUBEPCUMENAx.
3aoauu npedcmasnenvt 6 ux NOIHOU GOPMYIUPOBKE U HECOKPAUWEHHOU 6epCUll 8 MAKUX 0bnacmsx ougge-
DEHYUATIbHO20 UCHUCTIeHUs, KAK () UHmMeSpUposarue payuoHaIbHblx opobetl, (0) unmezpuposanie mpuzo-
HOMempu4eckux ynxyutl u (8) (opmynvl peoykyuu (NOHUNCEHUs: CMeneHu noObIHmMe2paibHOU GYHKYUU)
07151 unmezpuposanus. OHu AGIAIOMCA OMOOPaAdCEHUEM NOCHYNAMENLHOO PA3GUMUL MAMEMATNUYECKUX U
UHIICEHEPHBIX HAYK, UMO, 8 C8OI0 OUepedb, npedaazden 0OIbUIOe pa3Hoodpasue paspadoOmanHbIX peueHul
U 66160008 0JIs1 OOYUAIOUWUXCSL YHUBEPCUMEMO8 HA YpoeHe bakaraspuama. [Ipodonemvl, pazpabomartvie 6
cmamve, pecmpyKmypupo8arvl ¢ MOUKU 3PEHUst CYUWeCmeyIoumux CO8PEMEHHBIX Meno008 peuleHus 3a0ay
6 Mamemamuke QyHKyuil Henpepvl6HOL NEPEMEeHHOU U NPUTONHCEHUU 8 UHIICeHepHbIX HayKkax. Bonee moeo,
npeonoxceHHble Memoobl ¢ bonbuLell 8epOSIMHOCTNBIO MO2Yym 0blMb 80CMPEOOBAHHBIMU NPAKMUKYOUUMU
CReYUaIuCmaml 8 NepeoosbixX UHNCCHEPHBIX HAYKAX, d MAKHCe 8 NPUKIAOHBIX 3a0a4ax, Komopbsie mpeoyion
NONYYeHUs KOHEYHBIX YUCTIEHHBIX PeleHull 3a0a4, ONUCbIBalouux peaibHule A61eHUs 8 UHIHCEHEPHBIX HAYKAX
U NPUKIAOHBIX 3A0aYaX MAMeMamuieckol Uu3uKiL.

Knrwouegvle cnosa: unmezpuposanue, cmanoapmuvle UHMESPaibl HeCMAHOApmHble UHMePAabl,
UHIeSPUPOBAHUE NO YACTAM, UHMESPUPOBAHUE NPOU3EEOeHUT YHKYULL, UHMeSPUPOBAHUE PAYUOHATLHBIX
Opobetl, uHmMme2puposaHUe MpuUeOHOMEMPUYECKUX U MPAHCYEHOECHIMHBIX QYHKYUIL.

Djavanshir Gadjiev
THE METHODOLOGY OF TEACHING OF THE INTEGRATION TECHNIQUES
OF THE RATIONAL FUNCTIONS BY USING PARTIAL FRACTION
DECOMPOSITION METHOD AND INTEGRATION
OF THE TRIGONOMETRIC FUNCTIONS
The problems introduced in the article here are the application problems from Mathematics and
Engineering Sciences. All presented problems are unabridged and never published problems developed
by the author for Pre-Calculus, Calculus and Differential Calculus subjects developed by the author
during his teaching years at the colleges in USA. These unabridged problems are developed within the
new trends in the evolutions of novelty of the syllabi in Mathematics due to the fast-pacing development
of the Mathematics Sciences/ Theory and Applications. These new trends in the Theory and Application of
Mathematics Sciences have been added new demands to the newly revised textbooks and corresponding
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syllabi for the Mathematics Courses taught at the Junior two years Colleges and Universities. There
are introduced newly generated unabridged problems with the topics such as (a) Integration by partial
fractions, (b) Integration of trigonometric functions and (c) Reduction formulas for the integration. These
newly developed problems are reflection of the Development of Mathematical and Engineering Sciences to
offer great amount of learning conclusion/sequel to those who pursue a bachelor s degree at the universities.
The problems presented in the article here are developed and restructured in terms of the newly developed
techniques to solve the problem in Infinite Mathematics and Engineering sciences. Moreover, the techniques
offered in the article here are more likely to get utilized in Advanced Engineering Sciences, too within the
problems, which require to obtain finite numerical solutions to the Real Phenomena Natural Problems in
Engineering Sciences and Applied Problems in Mathematical Physics.

Key words: integration, standard integrals, non-standard integrals, integration by parts, integration
of the products, integration by partial fractions, integration of the trigonometric functions and transcendental

function. ’/

Beeoenue / Introduction. lleprion MOCTHHIYCTPHAILHOTO PAa3BUTHS OOIIECTBA O03HAMEHOBAI
BEAYIIYI0 POJbh MaTEeMAaTUKU B Jelie PEIICHUs MPHUKIATHBIX 3a/1ad B 00JIaCTH MEXKUHTETPAIIHOHHBIX
CBSI3€H C IPYTUMU €CTECTBCHHBIMU HayKaMHU.

3anmauu, Mpe/CcTaBICHHBIE B JAHHOW CTaThe, XapaKTepU3YIOT CBA3M MAaTeMaTWKH C JIPYTHMHA
HayKaMHW, B YaCTHOCTH C WHXXCHEPHBIMHU Haykamu. Pa3paboTka HOBBIX METOMOJOTHA W METOIHMKH
MIpEenoJaBaHus MATEMAaTHKH CTajla HeM30€KHOH HEOOXOMMOCTBIO B CBSI3U CO CTPEMUTEIILHBIM Pa3BUTHEM
MaTeMaTHYeCKHUX HayK.

JanpHeiimas nudpoBu3alys, aBToMaTu3aus 1 poOoTU3aIKs COBPEMEHHOTO TTOCTHHIYCTpHAIIb-
HOTO 00ITIeCTBa 00YCIOBHIIA MTOSIBIICHUE HOBEHIIIUX TPEOOBAHUH K MMPOrpaMMe M METOIHKE ITPETIOIaBaHUs
MaTeMaTHKH KaK MEKHHTETPAIlMOHHON AUCITUTIIIHEIL.

3agaum, paccMaTpuBacMble B JAHHOM HCCICNOBAHUU, SIBISIOTCS 3aadaMy MPUKIATHOTO
XapakTepa B Jielie MeKHHTETPAIIMOHHBIX CBA3CH MaTeMaTHKH C €CTECTBEHHBIMH HayKamu. Bce 3amaun
U KOHTPOIIbHBIE TpPUMEpPHI pa3paboTaHbl aBTOPOM B TEYEHHWE MHOTOJETHEW TPernoaBaTeIbCKOM
nesitelibHOCTH. ClIeyeT OTMETHTD, YTO ITPOOJIEMbI U 3/1a4H, [IPEICTABICHHBIC B JAHHOM HCCJIC/IOBAHNUH,
paHee HUTAC OMmyOIMKOBAHbI HE OBLIH.

Mamepuanvt u memoowr / Materials and methods. HoBble TEHICHIIMU B SBOJIOLUU
MaTeMaTHYeCKUX HayK OOYCJIOBWJIM MOsIBJIICHUE (YHIAMEHTaIbHOH MareMaTHYeCKOW KOMIIOHEHTHI B
HaIMCaHUN MaTeMaTHYeCKNX YI€OHMKOB M HOBEHIIIMX MaTEMAaTHIECKUX ITPOTPaMM, YTO, B CBOIO OUEPE]Ib,
MIPEIOTIPENIEITHIIO TTOSIBIICHUE HOBEHIINX METOJOJOTHI W METOAMKH IPETOaBaHUsl MaTeMaTHYeCKUX
JIUCIUILINH Ha YPOBHE OakajaBpuara B YHUBEPCUTETAX M KOJLISKAaX MearoriuecKoi HarpaBpJIeHHOCTH.

Pezynomamot u oocyncoenue / Results and discussion. B nanHON cTaThe KOHCTaTHPYETCS
HOBEWIIIas METOJIMKA MPETOAaBaHNsl MaTeMaTUKH C UCIIOJIBb30BaHUEM (DyHIaMEHTAIbHON KOMITOHEHTHI
OCHOB BBICIICH MaTeMaTWKU B JieJie Pa3pabOTKU METOJOB MpEINoJaBaHHUs B TAKUX YaCTAX BBICIICH
MaTeMaTHKH, KaK (a) WHTETPUPOBAHHUE C HCIIOJB30BAHMEM YaCTUYHBIX NpoOeH, (b) MHTerpupoBaHUE
TPUTOHOMETPUIECKUX (DYHKIINH U (C) PeIyKIIMOHHBIE METO (bl ”HTETPUPOBAHUS, UJTH METOBI IIOHMKEHUS
CTETICHH MOJBIHTETPAILHON (DYHKITHH.

CrnemyeT OTMETHTB, YTO TPEACTABICHHBIE METOAMKH MPETIOIaBaHUs HHTETPUPOBAHUS (DYHKIIHNA
SIBJISIIOTCSL HETMOCPEACTBEHHBIM OTPAXKEHUEM IOCTYNAaTeIbHOTO PAa3BUTHUA MATEeMAaTUYECKUX HAayK B
0071aCTH MPUKIIATHBIX U MHKCHEPHBIX HaYK.

[IpencraBneHHass MeTOMUKa TIPENOJaBaHUS WHTETPUPOBAHUS TpeuiaraeT O00ydJarommMcs
CPOMAJIHBIM MO3HABAaTEIbHbBI MMITYJIBC B JaJbHEWIIEH NpPEenofaBaTeIbCKON MM HCCIEA0BATENIbCKOU
pabore. OcoOeHHO BaXHBIMH SIBJISIOTCS TpeAjiaraéMble METOABI MPETOJIaBaHUs MHTETPHUPOBAHUS
paIOHANBHBIX M TPUTOHOMETPUYECKHX (YHKIWH ISl CTYIEHTOB YHHUBEPCHTETOB MEIarOrHYeCKUX
HalpaBJICHUN Ha YPOBHE OakajiaBpHara, TaK KaK 3TH METOJbl MHTEIPUPOBAHMsI JTAIOT BO3MOXKHOCTb
00ydJaromeMycs IMOTYIUTh YHCICHHOE 3HAYCHIE HHTETPAIOB, B TO BpeMsI KOT/Ia TPUMEHEHUE TaOTUIHBIX
WHTETPAJIOB HE JTAeT KEJIAeMOTO pe3yJIbTara.
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[TomuepkuBaeTCs, 9TOHOBBICTIPEACTABICHHBIE BUCCIICIOBAHUI 33 1a9H IO CTPOCHBI M OPTaHU30BaHbI
Ha OCHOBE HOBEHIITUX MaTeMaTHIECKIX METOIOB, IPUMEHIEMBIX B MAaTEeMaTHKE HETTPEPHIBHBIX (PYHKITHH,
a TaKKe B PUKIIATHON HHKEHEPHOI MaTeMaThke. bolee Toro, mpeiokeHHbIe METOINKA TPETIOaBaHuUs
Y METOJbI PEIICHHUS 33a][a4 MOTYT OBITh MCIOJIb30BaHbI Jajee Ha YPOBHE aCHHPAHTYPhl HJIM B HAYYHO-
UCCIIEI0BATENbCKUX padorax, rae TpedyeTcs MONydeHHE HETOCPEICTBCHHOTO YHCICHHOTO pPEICHHUS
3a7ad MPUKJIAJHOTO XapaKTepa B MaTeMaTHYecKoW (H3MKe WM WHXKEHEpHON Maremaruke. Taxoke
MMPpEAJIOKCHHAA METOAMKA ITPCIIOAaBaHUA UHTETPHUPOBAHUA MOXKET 6I)ITB HCII0JIb30BaHa IIperoaaBaTeIIMu
MaTeMaTUK{ B TpOIecce MpEernogaBaHhs MaTeMaTHYeCKHX IMCIMIUIMH Ha YpOBHE OakainaBpHaTa B
YHUBEPCHTETaX MeIarornueckoi HanpaBJIeHHOCTH.

» Part 1. The integration by Partial Fraction Method (PF)

The integration by partial fraction method is originated from the application problems in
Mathematics, Applied Mathematics and Engineering Sciences.

These types of the problems are evidently not the types of the integration of the standard types
of the functions involved. These cases are involved with the integration of the functions in rational
forms, when numerator represents a function, which is not a derivative of the function located at the
denominator.

There are developed new modified rules in the article here , which are most likely to be utilized
by the researchers in Applied Mathematics and /or Engineering Sciences.

The Rules of Partial Fraction Methods are:

(a) The degree of the function located at the numerator’s place is lower than the degree of the
function located at the denominator’s place. If there is No such case, then it is necessarily to
use a long division technique to divide numerator by the denominator.

(b) A linear factor (sx+1) generates the partial fraction (PF) in the form

S .
(sx+1)’

(c) The quadratic factors (sx +t)2 generates the PF:
S T

.

x4+t (sx+1)°’

(d) The cubic factors (sx+t)3 generates the PF:

S T U
+ ;
sx+t (sx+1)?  (sx+1)’

(e) The quadratic trinomial factor (sx2 +1x+ q) generates the PF:
SX+1t
XX +ix+q
The problems where are utilized the PF Rule(s):
x-1
(1] | T
Solution: Step 1: By using PF Rule we can represent the integrand as it is:
Step 1: By PF method:

x-1 S N T
x’=5x+6 (x-3) (x-2)’
hence, x—1=8(x-2)+T(x-3). (a) Here if ,then 1=-T and T =-1, (b) if , then 2=5.
Step 2: Now we must integrate:
[N dx=2Inx-3)-In(x-2)+C.
x-3 x-
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2
2x _9

2] J(x —1)(x+1)? =

Solution: Step 1: We must rewrite the original problem to take the coefficient of 2 out of the
integral as it is shown below:
2
x

2_[de=

The function degree in Numerator =2, function degree in denominator =3, so the Rule PF is
satisfied.
Hence,
x? S T U
= + + :

(x=Dx+1)> (x=1) (x+1) (x+1)°
Canceling the denominator, we obtain:

X =S(x+1) +T(x* ~1)+U(x-1)... (Z1)

. 1
Here, set x—1=0, then x=1 and equation (Z1) becomes: 1=4S and § =7

1
1=4S and S=—.
an 1
. -1

Next, set x+1=0, then x=-1 and equation (Z1) becomes: 1=-2U and U =
To find T we can choose the highest exponent for x such as x*: 1=8S+T and

1 3 3

T=1-S=1--== T=2,

12 and 2

Step 2:

x’ 1 1) 1 3y 1 -1 1
— X x|~ |——dx+ ]| 2 | —dx+]| = ——d
j(x—l)(x+1)2 * 2“4]%1 x+j(4}x+1 x+J(2)(x+l)2 x]
Step 3: Let us find
(-1) -1 1
dx=—]—dx=?
I2(x+1)2 * 2'[(x+1)2 o
Let us substitute (x+ )=¢, then dg=dx.

Hence,
T N e 1
—dg=""lgdg=—9 1= C.
Y gl la 2{—1+} 2x+1)
Step 4: So,

x? 11 3 I 1 1 3 1
——dx=—| -1 —1)+=1 1)+— C=-1 —1)+=1 1 C.
I(x—l)(x+1)2 x 2{4 n(x )+4 n(x+ )+2[x+l)ﬂ+ 3 n(x )+8 n(x+ )+4(x+1)+

x> -1

dx="?
[3] I(x—3)3 X

Solution: Step 1: Since Rules of PF method are satisfied, then we can write the following Partial
Fraction’s equation in terms of the integrand:

x* -1 _ S N T N U
(x=3° (x-3) (x=3 (x-3)°
Multiply both sides of PF equation by (x-3)’ to arrive to the following equation:
X —1=8(x -3 +T(x-3)+U.
Here if we set x—3=0, then x=3. Hence U =8.
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Step 2: If we equate the coefficients with the highest exponent as x’, then we get: S=1.,
Now we equate the coefficients with the lowest power involved to get: -1=95-3T+U .
Since S=1 and U =8 we get: -3T=-18 and 7 =6.

Step 3: Now we obtained PF integration:

x* - 8
I(x 3) j(x 3)dx+j( -3) I(x—3)3dx
Step 4:
P L B ) N S SIS Y L BN € ) P S SN
(x—3) i x-3 0 (x-3) ) (x—3)
Hence,
x' -1 6 4
3 dx=In(x-3)- (x—3)_—(x—3)2+c
x2
X k=0
14] I(x+2)(x2+l) *

Solution: Step 1:
x? _ S N Tx+0Q
(x+2)(x2+1) x+2 x*+1°

Cancel denominator to obtain: x> =S(x*+1)+(Tx+Q)(x+2). Here set x+2=0, then x=-2, and
4
thereafter, 4=5S and S =3
. 1
Step 2: Let us equate the coefficients for power of x*: 1=S+T, hence T=1-S§ =3 Now let’s

equate coefficients for the constant terms: 0=S5+20 and 20=-S, hence Q=-—
Step 3: Now we must integrate the following PF:
? 4 () 1 ox 2 ()
= + ) — > .
(x+2)(x2+1) 5(x+2) 5(x*+1) 5(x +1)

x? 4 1 2
S —dx="In(x+2)+—In(x’ +1)-Zwan'x+C
Step 4: j(x+2)(x +1) = n(x+ )+10 n(x + ) 5tan x+C.

-1

[]I x(3x +1)2dx ’

Solutwn Step 1: Rule(s) of PF method are satisfied to get PF here:
sx2-1 S T 0
=—+ + .
xBx+1)’  x (3x+1) (Bx+1)
Now we can cancel the common denominator to arrive to the horizontally aligned equation:
5x* =1=8Cx+1)* +Tx(3x+1)+0x .(I)
Here we can set 3x+1=0 to get

Now substitute the value of

at the equation (I) to have:



BecTHuk CeBepo-KaBkasckoro defepanbHoro yHusepcmteTa. 2022. N2 1 (88) CKOY

Step 2: Now equate coefficients for x*: 5=95+37T , then

T:% (1)

Step 3: Now equate the constant coefficients: —1=S5 . Substituting S=-1 in equation (II) we get

T2
Step 4: Now we have PF integration:

2 -1
) >X 2dx:J'( )dx+f(ﬂj;dx+f£iJ ! ~dx
x(3x+1) X 3 )3x+1 3)Bx+1)
Step 5: Now for the second and third integrals we get:
14

Lo LN Y dv:—lnv+C:E1n(3x+l)+C,
3 3x+1 3 vi3 9 9

dv 4 1 4:1(1 4. _ 4 7 —4( 1
here 3x+1= dx=—. — dx==—| - |dz==]7"d;=—"—+C=— +C.
where 3x+1=v and dx== 3I(3x+l)2 =2 ZZ(J 4 9fz STy 9[ J

Step 6: Now let us finalize integration from Step 4:
5x°

X 4
x(3x +1)

dx :—lnx+ﬁln(3x+1)——+c
9 9(3x +1)

» Part 2 (a). Integration of the power trigonometric functions

There are shown below basic trigonometric integrals, which we are going to use for the integration
of the trigonometric powers:

[sinvdy =—cosv+C,[cosvdv =sinv+C .

If we integrate powers such as sin’v and cos’v, we must utilize the double angle identities for the
trigonometric functions:

cos2v =1-2sin*v=2cos’v—1, sin’v= %(1 —cos2v) and cos’v = %(1 +cos2v).

1] Isinzvdv=%f(l—cos2v)dv=%—Slr;zv+C, (1)
[2] [cos? vdv:%f(l+0052v)dv:§+¥+c_ )

To integrate higher powers of trigonometric function(s), we can take one of the linear factors from
power to reduce integration to the second power of the trigonometric functions as it was shown above in
(IIT) and (IV).

3

[3] [sin*vdv =[sin’vsinvdy = [(1-cos’v)sinvdv = [sin vdv - [ cos’vsin vdv = —cosv +%+ C. )
Similarly, we can obtain:

. 3
[4] [cos’vav =[cos’vcosvdv = (1~ sin*v)cos vdv = [cos vdv - [ sin*vcos vdy = sinv - Y. 4)

We can proceed further to integrate next powers of the trigonometric functions such as 4-th and
5-th powers.
2 2
=J(1 +c0os2v) dv f(l +2c0s2v+cos” 2v)

4d: 2 2d _ d=
[cos* vdv = [(cos® v)* dv 2 2 v

[5] :%I(H200s2v+%+%cos4vjdv:%I(%+2cos2v+%cos4v}iv: , (5)

+C=—+ +C

1| 3v . sin4v 3y sin2v  sindy
=—| —+sin2v+ +
8 4 32
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. . . 2 .
[sin® vdy = [sin* vsinvdy = f(l —cos? v) sinvdy =

[6] = I(l —2cos’ v+cos’ v)sin vdv = [sinvdy —2[cos’ vsinvdv + [ cos* vsin vdy = (6)
2cos’ v cos’v
=—cosv+——T+C
Jcos® vdv =[cos* veosvdy = I(l —2sin?v+sin? v)cosvdv =
7] s )
=Icosvdv—2]sin2vcosvdv+fsin4vcosvdv=sinv—2sm yesmvoe

5

We must note that this strategy in problems (1) — (7) to reduce the highest powers to the lowest
powers can be applied to the higher powers greater than 5 up to the n-th power.

» Part 2 (b). Integration of the trigonometric functions involving trigonometric sum and

difference identities
There are given below trigonometric identities, which we are ready to use:

2sinxcosy =sin(x+y)+sin(x-y) ,(bl)
2cosxsiny =sin(x+y)—sin(x—-y) ,(b2)
2cosxcosy =cos(x+y)+cos(x—y),(b3)
2sinxsiny =cos(x—y)—cos(x+y).(b4)
[1] [sin8vcosdvdy =2
Solution: Step 1: Here we are going to use (b1):
sin8vcos4y = %(2sin8vcos4v) = %(Sin(8v+4v) + sin(Sv—4v)) :%(sinnv +5in4v).

—cos12v _ cos4v
24 8

Step 1: [sin8vcosdvdy = %I(sinl 2v+sindv)dv = +C.
[2] [cos10vsin6vdy =2
Solution:
[ cos10vsin6vdy = %f(2cos10vsin6v)dv = %f(sin(lOv +6v)—sin(10v—6v)dv =
1 ( cosl6y cos4v) —cosl6v  cos4v
+C= +

:lj(sin16v—sin4v)dv=— " LC
2 2 16 4 » 2

[3] [cos12vcos8vdy =?
Solution:

[ cos12vcos8vdy = %J2cos12vcos8vdv = %f(cos20v + cos4v)dv =

+C

1 (s[n20v sin4vj sin20v  sindv
+ +C= +

20 20 4 40 8

[4] [sin15vsin3vdy =2
Solution:

[ sinl 5vsin3vdv= % [2sinl 5vsin3vdy =
Z%I(COS(ISV —3y)—cos(15v+ 3v))dv =%f(cos12v —cos18v)dv =,

+C

1 [sianv sinlSvJ sinl2v  sinl8v
=3 - +C= -

2012 18 24 36
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» Part 3. Learning outcomes with further integration problems by utilizing integration
techniques introduced in the article here. Find the following integrals
6x

[1] dex=?

Solution: Step 1: (x+1)(x* —x+1)=x"+1.
Step 2:
2 2
A L dV2=2Iﬂ=21nv+czzln(x3+1)+C:21n(x+1)(x2—x+1)+c,
(x*+1) v 3x v

d d
where v=x'+1 and “>=3x", hence dx=—— .
dx 3x

T

2
[2] [sinl4vcosiOvdy =?
0
Solution: Step 1: Using (bl) we have:

%[2sinl4vcos10v] = %(sin24v +sin4v).

Step 2:
) %(sin24v + sin4v)dv = %[f sin24vdy + [ sindvdv] =
1] —cos24y  cos4v LC- —cos24y  cos4v
20 24 4 48 8
Step 3:
3 . T
jsin14vcos10va’v = { cos24v —w} |2= L .
5 8 48 8 16
sin2v
3] [———dv="
B3 2+cos’ v

Solution: Step 1:

Let (2 + coszv) =u. So, du _ 2cosv(—sinv)=—sin2v . Then dv=——-—.
dv —sin2v

Step 2:
sin2v _(Sin2v du

d
2+ cos’v Y u (—sin2v)

=—Inu+C= —ln(2+cos2v)+C .

T

2
[4] [xcos® xdx =?
0

Solution: Step 1: Let us integrate indefinite integral first [xcos’xdx . Here let us set x=u and
cos’xdx =dv perform integration by parts:

Therefore, du=dx and [cos’xdx =[dv . v:§+81r;2x+c.
Step 2:
Iudv:uv—fvduzx(f+ szxj_j(i“L szxjdx .
2 4 2 4
Step 3:

. . 2 2
I(£+szxjdxzfidx+fsmzxdx:l x* +l(_cos2xj+czx__cos2x+c.
2 4 2 4 20 2 4 2 4 8
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Step 4:
P x’  xsin2x x’  cos2x | x'-4
J.xcos xdx =| —+ 2=
) 2 4 4 8 16
5] [2)‘—+35dx=?
(x> +3x+5)?
Solution: Step 1: Let us set (x* +3x+5)=u, then
du
dx = .
(2x+3)
Step 2:
2x+3)d _ _ -3
IM: d—?=—23+C:?2(x2+3x+5)2 +C.
w(2x+3) w3’
[6] | x+3 dx=?

(x +1)(x2 —2x+3)
Solution: Step 1: Let us perform Partial Fraction method on the integrand:

xX+3 _ S N T
(x+1)(x2—2x+3) x+1 x?=2x+3°

Here we have after canceling the denominator:
(x+3)=8(x*—2x+3)+T(x+1).(A)
Let us set x+1=0 and then x=-1. Substituting x=-1 in the equation (A) we have: 2=6S5 and
1
h S=—.
ence 3

. . . 5
Now equating the coefficients for the linear terms of x we have: 1=-25+T and hence T =3
Step 2: Now we must integrate:

1 5 1 1 5
d dx=-1 D+=In(x?=2x+3)+C
I3(x+l) x+I3(x2_2x+3) =3 n(x+ )+3 n(x?-2x+3)+C.

2x?

x-5

dx="?

[7]

Solution: Step 1: Since the degree of the numerator of the integrand is higher than the degree of
the denominator, let us perform long division to obtain:

2
2 (2x110)4 2
x-5 (x-35)
Step 2: Hence we must integrate:
50

[(2x+10)dx +] dx:%(2x+10)2 +50In(x-5)+C.

(x=5)
3x*-2.5x -1
—  dx=
(x— 1)(x2 + 1)
Solution: Step 1: Let us utilize Partial Fractions method on the integral:
3x?-25x-1_ S TX +C

(x-1)(x*+1) (x—1)+ x*+1

?

8] |
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Canceling the common denominator, we have obtained:

3x7 =2.5x—1=8(x* +1)+(TX +C)(x~1)(B)

Letus set x—1=0, hence x=1. Substituting x=1 in (B) we have: 1=25 and §=1/2.
Equating coefficients for x> we have gotten: 3=8+7T and T=5/2.

Equating coefficients for x we have result for C: -2.5=-7T+C and C=0.

Step 2: Therefore, our integrand becomes:

R R TR

2l x-1 x*+ 2" x-1 27 x*+1

1 1, 5x
dx=—In(x-1)+—=]———dx .(C
2 ( ) 21x2+1 ©

5 d d .
Step 3: [ * _dx=? Here letus set x’+1=u and “==2x . Hence dx == Our integrand becomes:
x +1 dx 2x
I(Sx)ﬂ
u 2x’
Next: we can re-write integrand as it is:
Sdu _5du _5

— :—1nu+C=§1n(x2+1)+C.(D)
2u 2 u 2 2

Step 4: Now incorporating (D) in (C) we, finally get:
3x?-2.5x -1

j(x - 1)(x2 + 1)

1 5
dx :Eln(x—l)+zln(x2 +l)+C .

SR

[9] I(2ﬂ +x)sinxdx =?

Solution: Step 1: Let us integrate indefinite integral:
[(27 + x)sinxdx = ] 2mdx + [ xsinxdx = 27x + [ xsinxdx .(E)

Step 2: [xsinxdx =? Here letus set x=u and du=dx . sinxdx=dv and [sinxdx=dv . Hence —cosx =v .
[ xsinxdx =—xcosx —[(—1)cosxdx = —xcosx + sinx + C .(F)

Step 3: Finally, incorporating (F) in (E): [(27 + x)sinxdx = 27x + sinx — xcosx +C .
[10] jzz(z —n) dz =1, wheret >0 .
1

Solution: Step 1: Let us use Integration by Parts method:
di
Let us set z°=u and du=2zdz . Then dz= 2—” . Next, (z—n)'dz=dv and |dv=[(z—n) dz . Hence,
b4

V= (z_n)Hl +C.
(1+1)
Step 2:
5 (z_n)tH 1

Judv=uv—[vdu=z

- _ 1+1 2 d .
1) (t+1)I(Z n)*'(2z)dz .(G)

Step 3: 2[(z—n)*"'zdz=? Let us use the Integration by Parts method again: Let us set z=u, hence
dz=du . Next, here (z—n)"'dz=dv . Here

(z _ n)t+2

+C .
+2

v=[(z-n)"dz =
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Now

STRNPIIN I € St ) A Y VORRCE RPN BN I C el B Cell) B
A (Z)dz_z{ 1+2 f+2j(z ") dz} 2{ 1+2 (t+2)(t+3)}+C'

Step 4: Now let us accumulate all steps in last to get:

n

n 5 - . B ZZ(z_n)t+l_2z(z_n)r+2 2(z_n)t+3
!Z (@ ”)dz‘[ (r+1) (t+1)(t+2)+(t+l)(t+2)(t+3)]

_ _(1 _ n)l+] 2(1 _ n)t+2 2(1 _ n)1+3

(1) e i) €

1 .

5x’-8x+14
[11] fmdx—?

Solution: Step 1: Let us use method of the Partial Fractions:
5x-8x+14 S Tx+C

G- +2) (D) (¥+2)

Here let us cancel common denominator to obtain:

5x” —8x+14=S(x" +2)+(Tx+C)(x 1) (H)

. . . 11
Here in (H) let us set (x—1)=0, hence x=1. Substitute x=1 in (H) to have: 11=3S and S:?.
. 4
Next, let us equate the coefficients for x*: 5=5+7 and T =3

. . -20
Next, let us equate the linear coefficients for x: -8=-7+C and C=—.

Therefore, our integral is the following:
Step 2: Find:
4 20

LAV
1y 1 dx+]3 - 3 dx:ﬂln(x—l)+if 2x dx—ﬁ 21 dxzﬂln(x—l)—ﬁtan"x+if
3 x-1 X +2 3 3 x7+2 3 x"+2 3 3 3

Step 3:

——dx .
X" +2

X oo Lt Li(eia)ic
x*+2 u(2x) 2" wu 2

9

where u=x"+2 and du=2xdx , hence

_du

=

Step 4: Now accumulating results from Step 1 through Step 3 we have:

2
Sx bl 1) - Zan s +21“(x2 A
(x—l)(-x2 +2) 3 3 3

dx

3
[12] Icos6xcos3xdx =?

4

Solution: Step 1: The integrand based on the trigonometric identities’ property can be re-written
as it is:

c0s6xcos3x = %[cos(6x +3x)+cos(6x— 3x)] .
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Therefore, our initial integral is the following:

Step 2:
z 2c059xdx + %cos3xdx
17 j% J.% 1sin9x = [ 1sin3x = 2-2
—j[cos9x+cos3x]dx = 12 + 12 = .
2] 2 29 T2 3 7 9
4
-1
[13] [EOS X o
VI-x?
Solution: Step 1. Let us set cos 'x=z . Hence
d -1 -1)d
= and dz=( Jax
dx  \1-x 1-x°

Step 2: Therefore, we have:
—fzdz-—7+C ( ;j[cos xP+cC.

[14] '[ 2x+5)(x +])dx:

Solution: Step 1: Let us utilize the Partial Fractions method:

x*=3x _ S +Tx+C
(2x+5)(x2+1) 2x+5 x*+1°

Here let us cancel common denominator to obtain:

X’ =3x=8(x* +1)+(Tx +C)(2x+5) (1)
Let us set 2x+5=0 and

-5
X 27 .
Now substitute
=5
T
in (I) to obtain:
and hence
522
29
Now let us equate the coefficients for x*: 1=5+2T and
-1
29 °
Next, equate the coefficient for linear x: -3=5T+2C and here
%
58°
Step 2: Now our original integral becomes as it is:
-18 23 93
2 2 2
Di L _ger [ 2S84 ——ln(2x S+ [0 93
295 (2x+5) 5 x*+1 29 587 x*+1
g s B x g 93j L o= 33102 Bian- xp 187X
29 29 299 x" +1 587 x” +1 29 5 58 29
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Here,

—_—

tox t1 xdu
[
x +1 oU 2x

2 b}

where x> +1=u and

du 17
dx = T zEO_ [1( +1)]0——[ln5 In]=in5 .

Step 3: So,
2

x?-3x 55,9 93 ) 55,9,93 1, 18
— = _dx=""In=+—tan"'x 1 V5= Solme2ghan -5,
!(2x+5)(x2+1) 29 5 S8 b= 6 S8 29

5
[15] [x’cosxdx=?
0
Solution: Step 1: Let perform Integration by Parts method. Let set x* =u

and du =2x and du=2xdx .
dx

Here cosxdx=dv and Jcosxdx=[dv . Then v=sinx+C . Therefore,
Tudv =uv - [vdu = x*sinx — fsinx(Zx)dx = xsinx — 2| xsinxdx .

Step 2: Perform Integration by Part again: [xsinxdx = —xcosx —[(~cosx)dx = —xcosx + sinx +C
Step 3:

T 2
. . Iz
x’cosxdx =[x"sinx + 2xcosx — 2sinx]|? = i 2.

S oy

[16] [x'sin’ xdx =?
0

Solution: Step 1: Let us first integrate the indefinite integral: [x’sin’xdx=? Let us use the
Integration by Parts method (IBP): Let us set x’ =u and, then du=3x’dx . Next, sin’xdx=dv . [sin’xdx=[dv
Here

x sin2x

y=2 X ¢,
2 4

4 3i 1 4 3 .
fudv:uv—fvdu:x? xs1n2x_I[)2c S”:zx}@xz)dx:x X sin2x 3

L2 Cixidx +§fx2sin2xdx .
4 2 4 2 4

Step 2:
4
[¥ax=2+1C.
4

Step 3. [x*sin2xdx =? — Here let us use IBM method again: Set x* =u , then du =2xdx .
Since sin2xdx =dv , then

v =[sin2xdx :L;ZX+C,
Therefore,
. —x’cos2x [ —cos2x —x’cos2x
I x2sin2xdx = - (2x)a'x =—" """ 4 [xcos2xdx =
2 2 2
—x’cos2x xsin2x sin2x —x’cos2x  xsin2x cos2x
= + -] dx = + + +C
2 2 2 2 2 4

Here we have used IBP method again for [xcos2xdx .
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Step 4: Finally,

4 8 8 8 16

_____+_

g, x* xsin2x  3x* 3x’cos2x  3xsin2x 3cos2x| .. x* 3z* 3x* 3 2x'—67%+3
Ix sin“dx ={—— + + lr= ot O T2
0

1
[17] J.xcot’1 xdx =?
0

Solution: Step 1: Let us set cot'x=u. Then

du -1
dx 1+x*°
Hence,
di = —afx2 .
1+x

Next, here xdx=dv and [xdx=]dv. Hence,

2
v:x—+C.
2

Now let us use the IBP method to integrate: [udv =uv—[vdu .

~ xXPcot™'x (x*(=dx) x’cot”'x n x?

Tudv
2 2 1+x2 2 27 1+ x?

dx .

Step 2:

2
[ =2
1+x2

Let us represent the integrand as it is:

1 1 1
——, where u=— and v’ =— .
I+u by x

Therefore,

Step 3: Finally,
1
N (2)
X“cot ' x X
+

2

1
jxcot"xdx =
0

3
[18] J(x* —4x)2 (x3 —1)dx =?
Solution: Step 1: Let us set (x* —4x)=u. Then

di_

o 4x3—4=4(x3—1).

Hence du= 4(x3 - l)dx .
Step 2:

3

du (x* —1)dx 3 5 5

I#:ljuzdu:l g 2+C:L(x4—4x)2+C.
4 4 4\5 10
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[19] Ix? (1—x3)dx:?
Solution: Step 1: Let us set (1 -x’ ) =u , then

du
dx

=_3x?

and du=-3x"dx .
Step 2: Hence,

Ju(-3x)dx 3 _ 3
ng—lf zdu_—lguz C:—2(1—x3)2 +C.
(-3) 3 33 9
[20] I dx=?
Solutton g‘tep 1: Let us use Partial Fractions method to integrate:
9-x S TIx+C

@ (x-) x-1 ()
Canceling the common denominators from both sides we have:
(9-x)=8(x)* +(Tx+C)(x-1).(PF)
Here letus set ( —1)=0 and x=1.
Now substituting x=1 back to the equation (PF) we have: §=8.
Now equating the coefficients for x* we have: 0=5+7 and T=-8.

Next, equating coefficients for x we have: -1=-T+C and C=-9.
Step 2: Therefore, our original is transformed to form integrals in line:

2 —8x - 9
dx + dx=2 =
Jx_l x + ] =% I )
:21n(x—1)—8]—x—9fx’2dx:21n(x—1)—81nx+2+C
X X

> Part 4. The Test Exercises as the reflection of the Learning Outcomes from Part 1
through Part 3.
[1] [e™cosxdx=?

—dx="?

(2] T
[3] lcot’xdx=?

[4] [x’sin3xdx=?
[5] [e™*sin2xdx="?
[6] [sin‘xdx="?

[7] Icos’xdx =?

(8] I B =

-x+7

9] [xVl-x?dx=?

2x-5
—————dx="?
[10” —10x+21 o
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3 +2x+1

[12] Isin6xcosdxdx =?

Conclusion

There were presented unabridged and newly generated integration problems in the article here.
There was suggested newly revised and improved Partial Fraction Method (PF) to integrate the variety
of the polynomial functions and rational functions with the provided detailed solution to each integral
considered in the article here. Furthermore, there was suggested the newly composed the Rule(s) of PF
method, which can be utilized for the wide variety of the integration problems occurring in the field of
Engineering Sciences and Applied Mathematics. The newly revised PF method was supported by the
detailed solutions to the unabridged problems arisen in the field of applied mathematical and engineering
sciences. These problems have been handpicked selected to reflect the growing demand for the new
versions of the syllabi in the field of Mathematical Sciences [4, 5, 6, 7, 8,9, 10, 11, 12, 13, 15].

Moreover, there were presented integration problems for power trigonometric functions, which
are in great demand in the applied Engineering Sciences and Applied Mathematics, too. Furthermore,
there were presented the Learning Outcomes for each part of the integration problems considered in the
article here.

The learning outcomes derived from the detailed analytical solutions presented in the article here.
These outcomes can be utilized in the form such as the reference materials for the standard and nonstandard
integration problems to be suggested for the mathematics department of colleges and universities.

Moreover, the problems, which are considered in the article here have been arisen due to the
development of the theories in the Mathematics Sciences and/or taken place in the Applied Mathematics
Sciences. It is worthwhile to mention that these problems with the detailed solution provided here can
be successfully utilized as the reference guideline-materials for the solutions of other similar integration
problem(s) existed in the various Engineering research field across the Engineering Sciences merged
with other technical fields, too.
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